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1 The Electric Field

1.1 Coulomb’s Law

F⃗ = k
q1q2
r2

r̂ =
1

4πϵ0

q1q2
r2

r̂

k = 8.999, permittivity constant ξ0 = 8.85× 10−12

1.2 Gauss’s Law

A⃗ pointing outward from the surface. An inward piercing field is negative flux. An outward
piercing field is positive flux. The integral form:

ϵ0

∮
E⃗ · dA⃗ = qenc

If qenc is positive, the net flux is outward; if qenc is negative, the net flux is inward. The
deriavative form:

∇ · E⃗ =
ρ

ϵ

The electric field due to a charge outside the Gaussian surface contributes zero net flux
through the surface, because as many field lines due to that charge enter the surface as leave it.

1.3 The way to find the Electric field

利用库仑定律力的合成叠加原理求场强

1. Ring superposition

qz

4πϵ0(z2 +R2)3/2
,

2. Disk superposition
σ

2ϵ0

[
1− z

(z2 +R2)1/2

]
利用高斯定理求场强

1.Spherical Symmetry: Inside and outside a uniform sphere of charge

1



 E⃗ =
(

q
4πϵ0R3

)
r⃗, r ≤ R

E⃗ =
(

q
4πϵ0r3

)
r⃗, r > R

2.Planar Symmetry:An infinite sheet with a uniform surface charge density σ.

E =
σ

2ϵ0

This result holds for any point at a finite distance from the sheet.
3.Cylindrical Symmetry:An infinite line of charge with a uniform line density λ.

E =
λh

ϵ0(2πrh)
=

λ

2πϵ0r

利用电势求场强

Ex = −∂V

∂x
; Ey = −∂V

∂y
; Ez = −∂V

∂z
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2 Electric Potential

V =
−W

q
=

U

q

Vf − Vi = −
∫ F

i
E⃗ · ds⃗ → V = −

∫ r⃗

infinity
E⃗ · S⃗ =

1

4πϵ0

q

r

net potential: V =
n∑

i=1

Vi =
1

4πϵ0

n∑
i=1

qi
ri

The total potential energy of systems of charged particles:

Utot =
∑
i<j

Uij =
1

4πϵ0

∑
i<j

qiqj
rij

=
1

8πϵ0

∑
i ̸=j

qiqj
rij

Summary

• A charged particle:
1

4πϵ0

q

r

• An electric dipole:
1

4πϵ0

p cos θ
r2

• A continuous charge distribution (e.g., rod and disk):

V =
1

4πϵ0

∫
dq

r

• Electric potential energy of a system of charged particles:

Utot =
∑
i<j

Uij =
1

4πϵ0

∑
i<j

qiqj
rij

3 Electric Dipole

Electric dipole moment:
p⃗ = qd⃗
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The electric field at an arbitrary point P along the dipole axis, at distance z from the
dipole’s center,

E =
q

4πϵ0(z − 1
2d)

2
− q

4πϵ0(z +
1
2d)

2

=⇒ E =
1

2πϵ0

p

z3
(z ≫ d)

The net torque when a dipole in a uniform electric field:

τ = −Fd sin θ = −pEsinθ = p⃗× E⃗

Potential due to an Electric Dipole:

V =
1

4πϵ0

p cos θ
r2

=
1

4πϵ0

p⃗ · r⃗
r3

(r ≫ d)

4 The Triangle of Electrostatics

5 The Electrical Properties of Conductors

5.1 A Charged Isolated Conductor

Electrostatic Equilibrium:

E⃗inside = 0, qinsidenet = 0, Vinside = Vsurface
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1. All points of the conductor –whether on the surface or inside –come to the same
potential(even if the conductor has an internal cavity and even if that cavity contains a net
charge).

2. All the excess charge remains on the outer surface of the conductor(even if the conductor
has an internal cavity).

5.1.1 Electric Field Outside Isolated Conductors

Notice that the surface charge density σ varies, however, over the surface of any nonspherical conductor.
Direction: The electric field E⃗ at and just outside the conductor’s surface must also be

perpendicular to that surface.
Cylindrical Gaussian surface:

ϵ0EA = σA

⇒E⃗ =
σ

ϵ0
n̂

5.1.2 Parallel Plates

• Single Plate: all the excess charge spreads out on the two faces of the plate with a uniform
surface charge density.

• Two Parallel Plates: all the excess charge moves onto the inner faces of the plates.

5.2 Charge Inside a Spherical Metal Shell

5



Charge distribution: a total charge Q must lie on the inner wall of the shell, and a total
−Q move to the outer wall and they must spread out uniformly.

5.3 Charge Above a Infinite Grounded Gonducting Plane

The Method of Image

V =
q/4πϵ0√

x2 + y2 + (z − d)2
− q/4πϵ0√

x2 + y2 + (z + d)2
.

σ = −ϵ0
∂V

∂z

∣∣∣∣
z=0

= − qd

2π(x2 + y2 + d2)3/2
.

The total charge induced on the z = 0 plane is −q.

6 Resistance and Capacitance

6.1 Resistance

Concepts

• Current Density:
i =

∫
J⃗dA⃗

•

• • Drift Velocity : (n is the number of carriers per unit volume)

i = nAevd J⃗ = nev⃗d

• Resitivity and conducticivity:
1.

E⃗ = ρJ⃗ ⇒ ρ =
1

σ
=

E

J
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2.
a⃗ = −eE⃗

m

In the average time τ(mean free time) between collisions, the electro will on average acquire

v⃗d = a⃗τ = −eE⃗

m
τ ⇒ ρ =

m

ne2τ

• Resistance:
R =

V

i
R = ρ

L

A

Equation of Continuity
∂ρ

∂t
= ∇ · J⃗

6.2 Calculating Capacitance

Capacitance of a Parallel-Plate Capacitor:

q = ϵ0EA

C =
ϵ0A

d

Capacitance of a Cylindrical Capacitor:

q = ϵ0EA = ϵ0E(2πrL)

V = −
∫ +

−
E⃗ · ds⃗ = − q

2πϵ0L

∫ a

b

dr

r
=

q

2πϵ0L
ln

(
b

a

)
C =

q

V
= 2πϵ0

L

ln(b/a)
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6.3 Energy Stored in a Capacitor

Energy:

U =
q2

2C
=

1

2
CV 2

Energy Density:
u =

1

2
ϵ0E

2

Gauss’ law with a dielectric (withD⃗ ≡ κϵ0E⃗)∮
D⃗ · dA⃗ = ϵ0

∮
κE⃗ · dA⃗ = q

6.4 DC Circuits

Concepts emf ε, pover P , dielectric constant κ, electric displacement D⃗

E =
W

q

P = iV

P = i2R =
V 2

R

Kirchhoff ’s loop rule: The algebraic sum of the changes in potential encountered in a
complete traversal of any loop of a circuit must be zero.

Charging a Capacitor

dU

dt
=

q

C

dq

dt
= iE − i2R.

• Noting i = dq/dt,we find

R
dq

dt
+

q

C
= ε,

capacitive time constantτ = RC

⇒ q = Cε(1− e−t/τ ) ⇒ i =
ε

R
e−t/τ

8



Discharging a Capacitor Energy change:

d

dt

(
q2

2C

)
+ i2R = 0

dq

dt
+

q

RC
= 0

这个方程也可以从 Loop Rule 列回路电压变化为 0，电压降等于电压升。

6.5 Dielectrics and Gauss’Law

ϵ0

∮
κE⃗ · dA⃗ =

∮
D⃗ · dA⃗ = q,

electric displacement D⃗ ≡ κϵE⃗

7 The Ampere Force

F⃗B = qv⃗ × B⃗

利用右手确定方向

7.1 Hlical Movement

The radius of the helix: r = mv⊥
|q|B .

The parallel component v|| determines the pitch p of the helix–that is, the distance between
adjacent turns.

7.2 The Hall Effect

i = JA = nevdA

eE = evdBz

V = Ed = −vdBd = − i

neA
Bd = − B

ne
Jd

Hall resistivity and coefficientρxy =
Ey

Jx
= − B

ne
, RH =

Ey

BzJx
= − 1

ne

7.3 Current-Carrying Wire

F⃗ = iL⃗× B⃗

dF⃗ = idL⃗× B⃗
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8 The Magenetic Field

8.1 Biot-Savart law

dB⃗ =
µ0

4π

ids⃗× r⃗

r3
,

where the constant 0 = 4×10−7T·m/A is called the permeability constant. Force Between

图 1: Biot-Savart Law

Two Parallel Wires Fba = |ibL⃗× B⃗a| = µ0Liaib
2πd ,

图 2: Force Between Two Parallel Wires
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8.2 Ampere’s Law

∮
B⃗ · ds⃗ = µ0ienc,

where ienc is the net current encircled by the closed loop.

8.3 Examples

8.3.1 A Long Straight Wire

图 3: A Long Straight Wire

dB⃗ =
µ0

4π

ids⃗× r⃗

r3

=
µ0

4π

ids⃗× R⃗

r3
.

B =
µ0

4π

∫ ∞

−∞

iRds

r3
=

µ0i

4πR

[∫ ∞

−∞

R2ds

r3

]
,

B =
µ0i

2πR
,

The direction follows a curled-straight right-hand rule(右手螺旋法则).
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图 4: An infinite Sheet

8.3.2 Outside a Long Straight Wire

∮
B⃗ · dS⃗ = B(2πr) = µ0i ⇒ boxedB =

µ0i

2πr

8.3.3 Inside a Long Straight Wire

Supposed that the current is uniformly distributed over thecross section of the wire,

ienc =
r2

R2

B =
µ0iend
2πr

=
µ0

2πR2
r

8.3.4 A Sheet Of Moving Charge

Consider an infinite flat sheet of current density Js in the y-direction: Ampere’s law can
be applied to the rectangular path:∮

B⃗ · ds⃗ = 2Bℓ = µ0(Jsℓ)

B =
µ0Js
2

8.3.5 Magnetic Field of a Solenoid

The field inside the coil is uniform and parallel to the solenoid axis. The magnetic field
outside the solenoid is zero.

∮
B⃗ · ds⃗ =

∫ b

a
B⃗ · ds⃗ = Bh

Let n be the number of turns per unit length of thesolenoid; then the loop encloses nh turns
and:

ienc = i(nh)

12



图 5: Amperian Loop of Solenoid

⇒ B = µ0in

8.3.6 Magnetic Field of a Toroid

A toroid is a solenoid that has been curved until its two ends meet, forming a hollow donut.

图 6: Amperian Loop of Toroid

B = µ0i
N

2πr

B = 0 for points outside an ideal toroid.

8.4 The Properties of B

• The curl of B⃗: (安培定律的微分形式)∫
S
(∇× B⃗) · dA⃗ =

∮
B⃗ · ds⃗ = µ0ienc = µ0

∫
S
J⃗ · dA⃗,

∇× B⃗ = µ0J⃗(r⃗)
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• The Divergence of B⃗:(高斯定理的微分形式)∮
B⃗ · dA⃗ =

∫
(∇ · B⃗)dV = 0.

∇ · B⃗ = 0

9 Magnetic Properties of Materials

9.1 Magenetic Dipole

The total torque on the coil:

τ⃗ = NiA⃗× B⃗ = µ⃗× B⃗,

where µ⃗ = NiA⃗ is known as the magnetic dipole moment of the coil.

τ = −µB sin θ = − ∂

∂θ
(−µB cos θ).

The energy of a magenetic dipole:

UB = −m⃗u · B⃗ = −µB cos θ

The field of a Megnetic Dipole The Megneticat field at the center of a single-loop coil with
a magnetic dipole moment

B =
µ0

2π

µ

R3

The magnetic field at an axial point:

9.2 Magnetic Materials

10 Faraday’s Law of Induction

E = −N
dΦB

dt
.
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积分形式： ∮
E⃗ · ds⃗ = − d

dt

∫
B⃗ · dA⃗

微分形式：

∇× E⃗ = −∂B⃗

∂t
,

Notice electric potential has no meaning for electric fields that are produced by induction.

11 Inductors and Inductance

L = NΦB/i

for a solenoid,
L = µ0n

2

11.1 RL Circuits

Loop Rule:
L
di

dt
+Ri = ε

inductive time constant: τL = L
R

i =
ε

R
(1− e−t/τL)

15



11.2 Energy and Energy Density

UB =
1

2
LI2

ub =
B2

2µ0

11.3 Mutual Induction

Self-inductance L (of a single circuit) and mutual inductance M12 = M21 (of two circuits)

E11 = −d(N1Φ11)

dt
= −L1

di1
dt

E21 = −d(N2Φ21)

dt
= −M21

di1
dt

12 AC Circuits

12.1 LC Oscillations

The total energy U in an oscillating LC circuit is given by

U = UB + UE =
Li2
2

+
q2

2C
.

In the absence of resistance, U remains constant with time

dU

dt
=

d

dt

(
Li2

2
+

q2

2C

)
= Li

di

dt
+

q

C

dq

dt
= 0.

With i = dq/dt and di/dt = d2q/dt2, we find

L
d2q

dt2
+

1

C
q = 0.

q = Q cos(ω0t+ ϕ), ω = 1/
√
LC

12.2 Damped Oscillations in an RLC Circuit

dU

dt
= Li

di

dt
+

q

C

dq

dt
= −i2R

⇒ L
d2q

dt2
+R

dq

dt
+

1

C
q = 0

⇒ q = Qe−t/τ cos(ωt+ ϕ) ω =
√
ω2
0 − (1/τ)2

1/τ = R/(2L)

Forced oscillations in a series RLC circuit at a driving angular frequency ωd

ε = εm cosωdt, i = I cos(ωdt+ ϕ)
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图 7: The Energy Oscillations

12.3 Impendance

Assume the potential difference across a circuit element (resistor, capacitor, and inductor)
is

v(t) = ℜ
(
Ṽ eiωdt

)
,

and the current in the element is
i(t) = ℜ

(
l̃eiωdt

)
.

Define complex impendance as:

Z̃ = Zeiϕ =
Ṽ

Ĩ
.

注意这里的 i 为虚数,ℜ 表示取实部

图 8: Three Circuits

13 Maxwell’s Equations and EM Waves

Maxwell’s Equations Gauss’s Law for E⃗:

∇ · E⃗ =
ρ

ϵ0
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Faraday’s Law:

∇× E⃗ = −∂B⃗

∂t

Gauss’s Law for B⃗

∇ · B⃗ = 0

Ampere-Maxwell’s Law:

∇× B⃗ = µ0J⃗ + µ0ϵ0
∂E⃗

∂t

In vacuum, electromagnetic waves satisfy:

∇2E⃗ =
1

c2
∂2E⃗

∂t2

∇2B⃗ =
1

c2
∂2B⃗

∂t2
.

Therefore, in vacuum each Cartesian component of E a B⃗ satisfies the wave equation

∂2f

∂t2
= c2∇2f,

where the speed of all electromagnetic waves is c = 1√
µ0ϵ0

≈ 3.00 × 108m/s. Electromagnetic
waves are transverse:

k̂ · E⃗ = k̂ · B⃗ = 0.

E⃗ is always perpendicular to B⃗:
B⃗ =

1

c
(k̂ × E⃗).
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